Abstract. The p-Gelfand Phillips property (1 ≤ p < ∞) is studied in spaces of operators. Dunford -Pettis type like sets are studied in Banach spaces. We discuss Banach spaces X with the property that every p-convergent operator T : X → Y is weakly compact, for every Banach space Y .
Introduction
Numerous papers have investigated whether spaces of operators inherit the GelfandPhillips property when the co-domain and the dual of the domain possess the respective property; e.g., see [10] , [12] , [16] , and [29] . In [14] the authors introduced the p-Gelfand-Phillips property (1 ≤ p < ∞), a property which is in general weaker than the Gelfand-Phillips property. In this paper limited p-convergent evaluation operators are used to study the p-Gelfand-Phillips property in spaces of operators. We show that if Y has the Gelfand-Phillips property and M is a closed subspace of K w * (X * , Y ) such that the evaluation operator ψ y * : M → X is limited p-convergent for each y * ∈ Y * , then M has the p-Gelfand-Phillip property. We prove that if X * has the p-Gelfand-Phillip property and Y has the Schur property, and M is a closed subspace of L(X, Y ), then M has the p-Gelfand-Phillip property (1 ≤ p < ∞). We also prove that if L w * (X * , Y ) has the p-Gelfand-Phillip property, then at least one of the spaces X and Y does not contain ℓ 2 .
We study weakly-p-Dunford-Pettis sets and weakly-p-L-sets (1 ≤ p < ∞). We show that every operator with p-convergent adjoint is weakly precompact and that weakly-p-Dunford-Pettis sets are weakly precompact (for 2 < p < ∞). We prove that a bounded subset A of X * is an weakly-p-L-subset of X * if and only if T * (A) is relatively compact whenever Y is a Banach space and T : Y → X is a weakly-pprecompact operator (1 ≤ p < ∞).
We study two Banach space properties, called the reciprocal Dunford-Pettis property of order p (or property RDP p ) and property RDP w p (X) denote the set of all weakly p-summable sequences in X. The space ℓ w p (X) is a Banach space with the norm
We recall the following isometries: L(ℓ p * , X) ≃ ℓ w p (X) for 1 < p < ∞; L(c 0 , X) ≃ ℓ w p (X) for p = 1; T → (T (e n )) [21] , [7, Proposition 2.2, p. 36] .
A series x n in X is said to be weakly unconditionally convergent (wuc) if for every x * ∈ X * , the series |x * (x n )| is convergent. An operator T : X → Y is unconditionally converging if it maps weakly unconditionally convergent series to unconditionally convergent ones.
Let 1 ≤ p ≤ ∞. An operator T : X → Y is called p-convergent if T maps weakly p-summable sequences into norm null sequences. The set of all p-convergent operators is denoted by C p (X, Y ) [6] .
The 1-convergent operators are precisely the unconditionally converging operators and the ∞-convergent operators are precisely the completely continuous operators. If p < q, then C q (X, Y ) ⊆ C p (X, Y ).
A sequence (x n ) in X is called weakly-p-convergent to x ∈ X if the sequence (x n −x) is weakly p-summable [6] . The weakly-∞-convergent sequences are precisely the weakly convergent sequences.
Let 1 ≤ p ≤ ∞. A bounded subset K of X is relatively weakly-p-compact (resp. weakly-p-compact ) if every sequence in K has a weakly-p-convergent subsequence with limit in X (resp. in K). An operator T : X → Y is weakly-p-compact if T (B X ) is relatively weakly-p-compact [6] . The set of weakly-p-compact operators [6] , where id(X) is the identity map on X.
is weakly p-summable for any increasing sequences (n k ) and (m k ) of positive integers.
Every weakly-p-convergent sequence is weakly-p-Cauchy, and the weakly ∞-Cauchy sequences are precisely the weakly Cauchy sequences.
Let 1 ≤ p ≤ ∞. We say that a subset S of X is called weakly-p-precompact if every sequence from S has a weakly-p-Cauchy subsequence. The weakly-∞-precompact sets are precisely the weakly precompact sets.
The weakly-∞-precompact operators are precisely the weakly precompact oper-
The bounded subset A of X is called a Dunford-Pettis (resp. limited ) subset of X if each weakly null (resp. w * -null) sequence (x * n ) in X * tends to 0 uniformly on
Every DP (resp. limited) subset of X is weakly precompact [1] , [26, p. 377 ] (resp. [4] , [30] ).
The sequence (x n ) in X is called limited if the corresponding set of its terms is a limited set. If the sequence (x n ) is also weakly null (resp. weakly p-summable), then (x n ) is called a limited weakly null (resp. limited weakly p-summable) sequence in X.
The space X has the Gelfand-Phillips (GP) property (or is a Gelfand-Phillips space) if every limited subset of X is relatively compact.
Banach spaces having the Gelfand-Phillips property include, among others, Schur spaces, separably complemented spaces, spaces with w * -sequential compact dual unit balls, separable spaces, reflexive spaces, spaces whose duals do not contain ℓ 1 , and dual spaces X * whith X not containing ℓ 1 ([4] , [11] , [30, p. 31] ). A Banach space X has the DP * -property (DP * P ) if all weakly compact sets in X are limited [5] . The space X has the DP * -property if and only if L(X, c 0 ) = CC(X, c 0 ) [5] , [17] . If X is a Schur space or if X has the DP P and the Grothendieck property, then X has the DP * P . Let 1 ≤ p ≤ ∞. A Banach space X has the Dunford-Pettis property of order p (DP P p ) (1 ≤ p ≤ ∞) if every weakly compact operator T : X → Y is p-convergent, for any Banach space Y [6] .
Let 1 ≤ p ≤ ∞. A Banach space X has the DP * -property of order p (DP * P p ) if all weakly-p-compact sets in X are limited [15] .
If X has the DP * P , then X has the DP * P p , for all 1 ≤ p ≤ ∞. If X has the DP * P p , then X has the DP P p . Let 1 ≤ p < ∞. A Banach space X has the p-Gelfand-Phillips (p-GP ) property (or is a p-Gelfand-Phillips space) if every limited weakly p-summable sequence in X is norm null [14] .
If 1 ≤ p < q and X has the q-GP property, then X has the p-GP property. If X has the GP property, then X has the p-GP property for any 1 ≤ p < ∞. Separable spaces with the DP * P p have the p-GP property [14] . An operator T : X → Y is called limited p-convergent if it carries limited weakly p-summable sequences in X to norm null ones in Y [14] .
The bounded subset A of X * is called an L-subset of X * if each weakly null sequence (x n ) in X tends to 0 uniformly on A.
A
is relatively weakly compact. The following results were established in [25] : C(K) spaces have property (V ); reflexive Banach spaces have both properties (V ) and (V * ); L 1 -spaces have property (V * ); X has property (V ) if and only if every unconditionally converging operator T from X to any Banach space Y is weakly compact.
Let 1 ≤ p < ∞. We say that a bounded subset A of X is called a weakly-pDunford-Pettis set if for all weakly p-summable sequences (
Let 1 ≤ p < ∞. We say that a bounded subset A of X * is called a weakly-p-L-set if for all weakly p-summable sequences (x n ) in X,
The weakly-1-L-subsets of X * are precisely the V -subsets and the weakly-1-Dunford-Pettis subsets of X are precisely the V * -subsets. If p < q, then a weaklyq-L-subset is a weakly-p-L-subset, since ℓ w p (X) ⊆ ℓ w q (X). Similarly, a weakly-q-DP set is a weakly-p-DP set, if p < q.
The Banach space X has the reciprocal Dunford-Pettis (RDP ) property if every completely continuous operator T from X to any Banach space Y is weakly compact [22, p. 153] . The space X has the RDP property if and only if every L-subset of X * is relatively weakly compact [23] , [19] . Banach spaces with property (V ) of Pe lczyński, in particular reflexive spaces and C(K) spaces, have the RDP property [25] . A Banach space X does not contain ℓ 1 if and only if every L-subset of X * is relatively compact if and only if every DP subset of X * is relatively compact [11] . The Banach space X has property RDP * if every DP subset of X is relatively weakly compact [2] . The space X has RDP * whenever X has property (V * ) or X is weakly sequentially complete [2] . Also, X * has RDP * whenever X has property (V ).
Let 1 ≤ p < ∞. We say that the space X has the reciprocal Dunford-Pettis property of order p or RDP p (resp. the weak reciprocal Dunford-Pettis property of order p or wRDP p ) if every weakly-p-L-subset of X * is relatively weakly compact (resp. weakly precompact).
If X has the RDP p property, then X has the RDP property (since any L-subset of X * is a weakly-p-L-set). If p < q and X has the RDP p property, then X has the RDP q property.
We say that X has property RDP * p if every weakly-p-Dunford Pettis subset of X is relatively weakly compact.
If p < q and X has property RDP * p , then X has property RDP * q . If X has property RDP * p , then X has property RDP * (since every DP subset of X is a weakly-p-Dunford Pettis set). Note that c 0 does not have property RDP * p , since it does not have property RDP * . Consequently, if X has property RDP * p , then X does not contain a copy of c 0 .
The p-Gelfand Phillips property in spaces of operators
In the following we give sufficient conditions for the p-GP property of some spaces of operators in terms of the limited p-convergence of the evaluation operators.
We refer to [10] for the following two facts:
A Banach space X has the GP property if and only if every limited weakly null sequence in X is norm null.
We recall the following well-known isometries ([27, p.60]):
Suppose that X and Y are Banach spaces and M is a closed subspace of L(X, Y ). If x ∈ X and y * ∈ Y * , the evaluation operators
Proof. (i) Suppose not and let (T n ) be a limited weakly p-summable sequence in M such that
is norm null, since Y has the GP property. This contradiction concludes the proof.
(ii) Apply (i) and the isometry
We note that if X has the p-GP property, then any operator T : E → X is limited p-convergent. Indeed, if (x n ) is limited weakly p-summable, then (T (x n )) is limited weakly p-summable, and thus norm null. Thus, if X has the p-GP property and M is a closed subspace of K w * (X * , Y ), then the evaluation operator ψ y * : M → X is limited p-convergent for each y * ∈ Y * .
Corollary 3. Let 1 ≤ p < ∞. Suppose X has the p-GP property and Y has the GP property (or X has the GP property and Y has the p-GP property). Then X ⊗ ǫ Y has the p-GP property.
Proof. The space X ⊗ ǫ Y can be embedded into the space K w * (X * , Y ), by identifying x ⊗ y with the rank one operator x * → x * , x y. Apply Corollary 2. Proof. Apply Corollary 2 and the isometry K(X, Y ) ≃ K w * (X * * , Y ).
, the space of all unconditionally convergent series x n in X equipped with the norm
Proof. It is known that ℓ 1 [X] is isometrically isomorphic to K(c 0 , X) [13] . Since c * 0 ≃ ℓ 1 has the GP property, Corollary 4 gives the conclusion. Corollary 6. Let 1 ≤ p < ∞. If µ is a finite measure and X has the p-GP property, then so has
Proof. The space L 1 (µ) where µ is a finite measure, has the GP property [10] . It is known that
By Corollary 2, this space has the p-GP property.
If X has the p-GP property, then so has c 0 (X), the Banach space of sequences in X that converge to zero equipped with the norm (x n ) = sup n x n .
Proof. The space c 0 has the GP property [4] . It is known that c 0 ⊗ ǫ X ≃ c 0 (X) [28, p. 47] . Then c 0 ⊗ ǫ X has the p-GP property, by Corollary 3. Proof. (i) Suppose M is a closed subspace of L(X, Y ) which does not have the p-GP property. Let (T n ) be a limited weakly p-summable sequence in M such that T n = 1 for each n. Let (x n ) be a sequence in B X so that T n (x n ) > 1/2 for each n.
Let
By the Bessaga-Pelczynski selection principle [8] , we may (and do) assume that (y n ) is a seminormalized weakly null basic sequence in Y . Let Y 0 = [y n ] be the closed linear span of (y n ) and let (y * n ) be the sequence of coefficient functionals associated with (y n ). Define A : Y 0 → c 0 by A(y) = (y * k (y)), y ∈ Y 0 . Note that A(y n ) ≥ 1 for each n. Then A is a bounded linear operator defined on a separable space, and A is not completely continuous.
(ii) Suppose M a closed subspace of L w * (X * , Y ) which does not have the p-GP property. Let (T n ) be a limited weakly p-summable sequence in M such that T n = 1 for each n. Let (x * n ) be a sequence in B X * so that T n (x * n ) > 1/2 for each n.
Let y * ∈ Y * . Since ψ y * : M → X is limited p-convergent, (T * n (y * )) = (ψ y * (T n )) is norm null. Therefore (y n ) := (T n (x * n )) is weakly null in Y . Continue as in (i). (ii) Let T ∈ L w * (X * , Y ). Since T is weakly compact and Y has the Schur property, T is compact. Continue as above.
(iii) It follows from (ii) and the isometries 1) on page 5.
It is known that ℓ ∞ does not have the GP property. Further, ℓ ∞ does not have the p-GP property for any 1 ≤ p < ∞ [14] . Proof. Apply Theorem 11 and the isometries 2) on page 5.
Weakly-p-L-sets and weakly-p-Dunford-Pettis sets
The following result gives a characterization of p-convergent operators. The case 1 < p < ∞ of the following result [6, p. 45] appeared with no proof. We include a proof for the convenience of the reader.
Proposition 13. Let 1 ≤ p < ∞. An operator T : X → Y is p-convergent if and only if for any operator
Proof. Suppose T : X → Y is p-convergent. Let 1 < p < ∞ and let S : ℓ p * → X be an operator. Then S is weakly-p-compact, since ℓ p * ∈ W p [6] . Hence T S : ℓ p * → Y is compact. Let p = 1 and let S : c 0 → X be an operator. Then T S : c 0 → Y is unconditionally converging, and T S(e n ) is unconditionally convergent. Hence T S is compact ([7, Theorem 1.9, p. 9], [8, p. 113 
]).
Conversely, let (x n ) be weakly p-summable in X. Then ℓ
be an operator such that S(e n ) = x n . Since T S is compact, T (x n ) = T S(e n ) → 0, and thus T is p-convergent. 1
. (i) T (B Y ) is a weakly-p-Dunford-Pettis set. (ii) T
Proof. We only prove case 1. The other proof is similar.
(i) ⇔ (ii) This follows directly from the equality
In the next theorem we give elementary operator theoretic characterizations of weak precompactness, relative weak compactness, and relative norm compactness for weakly-p-Dunford-Pettis sets. 
is weakly precompact (weakly compact, resp. compact). (ii) same as (i) with Y = ℓ 1 . (iii) Every weakly-p-Dunford-Pettis subset of X is weakly precompact (relatively weakly compact, resp. relatively compact).
Proof. We will show that (i) ⇒ (ii) ⇒ (iii) ⇒ (i) in the relatively weakly compact case. The arguments for the remaining implications of the theorem follow the same pattern.
(i) ⇒ (ii) is obvious.
(ii) ⇒ (iii) Let K be a weakly-p-Dunford-Pettis subset of X and let (x n ) be a sequence in K. Define T :
is a weakly p-summable sequence in X * . Since K is a weakly-p-Dunford-Pettis set,
Therefore T * is p-convergent and thus T is weakly compact. Let (e * n ) be the unit basis of ℓ 1 . Then (T (e * n )) = (x n ) has a weakly convergent subsequence.
is a weakly-p-Dunford-Pettis set, thus relatively weakly compact. Hence T is weakly compact.
Odell, Rosenthal, and Stegall [26, p. 377] , showed that an operator T : Y → X is weakly precompact if LT : Y → L 1 is compact whenever L : X → L 1 is a completely continuous map. Maps with range in ℓ p (1 < p < ∞) can also be employed to identify such operators.
Proof. (i) Let T be an operator as in the statement of the theorem. Suppose (by way of contradiction) that (y n ) is a sequence in B Y and (T (y n )) has no weakly Cauchy subsequence. By Rosenthal's ℓ 1 -theorem, we can assume that (T (y n )) ∼ (e * n ), where (e * n ) is the unit vector basis of ℓ 1 . Let S = [T (y n )], an isomorph of ℓ 1 . Let j : S → ℓ p be the natural inclusion. The canonical injection j 1 : ℓ 1 → ℓ 2 is (absolutely) 1-summing [28, Example 6.17, p. 145], and thus it is 2-summing. Since j naturally factors through ℓ 2 , j is 2-summing. Now use the fact that all closed linear subspaces of an L 2 -space are complemented and the constructions on p. 60 -61 of [8] to obtain an operator J : X → ℓ p which extends j (see also [28, Proposition 6.24, p. 150]). Then JT : Y → ℓ p is compact. But JT (y n ) = j(e * n ) = e n , and (e n ) is not relatively compact in ℓ p .
(ii) Let T : Y → X is an operator such that T * : X * → Y * is p-convergent and let J : X → ℓ p be an operator. By Theorem 14,
The weak precompactness of a DP set is well known; e.g., see [1] , [26, p. 377] . We obtain an analogous result for weakly-p-Dunford-Pettis sets (2 < p < ∞). The following theorem gives a characterization of weakly-p-L-sets. For any p, 1 ≤ p < ∞, a bounded subset K of ℓ p is relatively compact if and only if lim n
Theorem 19. Let 1 < p < ∞. Suppose that A is a bounded subset of X * . The following are equivalent:
is relatively compact whenever Y is a Banach space and T : Y → X is a weakly p-precompact operator.
(iii) T * (A) is relatively compact whenever Y ∈ W P C p and T : Y → X is an operator.
(iv) T * (A) is relatively compact whenever T :
Suppose that A is a weakly-p-L-subset of X * and let (x * n ) be a sequence in A. Let T : Y → X be a weakly-p-precompact operator. Define S : X → ℓ ∞ by S(x) = (x * n (x)). Let (x n ) be a weakly p-summable sequence in X. Since A is a weakly-p-L-subset of X * , lim n S(x n ) = lim n sup i |x * i (x n )| = 0, and thus S is p-convergent. Then ST : Y → ℓ ∞ is compact, since T is weakly-p-precompact.
Let (e * n ) be the unit basis of ℓ 1 . Since
Let (x n ) be a weakly p-summable sequence in X. Since A is bounded, for every n we can choose x * n in A such that sup x * ∈A |x (i) A is a weakly-p-DP set.
(
ii) T (A) is relatively compact whenever Y is a Banach space and T : X → Y is an operator with weakly-p-precompact adjoint. (iii) T (A) is relatively compact whenever
Since A is a weakly-p-DP subset of X, A is an weakly-p-L-subset of X * * . By Theorem 19, T * * (A) is relatively compact. Hence T (A) is relatively compact.
(ii) ⇒ (iii) If Y * ∈ W P C p , then any operator T : X → Y has a weakly-pprecompact adjoint.
(iii) ⇒ (iv) Let T : X → ℓ p be an operator. Since 1 < p
n ) be a weakly p-summable sequence in X * . Since A is bounded, for every n we can choose x n in A such that sup x∈A |x *
and A is a weakly-p-DP set. If X is any infinite dimensional Schur space, then all bounded subsets of X * are weakly-p-L-subsets, and thus there are weakly-p-L-subsets of X * which fail to be weakly precompact. Proof. We will show that (i) ⇒ (ii) ⇒ (iii) ⇒ (i) in the weakly precompact case. The arguments for all the remaining implications in the theorem follow the same pattern.
Therefore T is p-convergent, and thus T * : ℓ * ∞ → X * is weakly precompact. Let (e * n ) be the unit vector basis of ℓ 1 . Hence (T * (e * n )) = (x * n ) has a weakly Cauchy subsequence.
(iii) ⇒ (i) Suppose that every weakly-p-L-subset of X * is weakly precompact and let T : X → Y be a p-convergent operator. Hence T * (B Y * ) is a weakly-p-Lsubset of X * , thus weakly precompact. Therefore T * is weakly precompact.
Proof. (i) Let A be a weakly-p-DP subset of X. Then A is a weakly-1-DP subset, thus a V * -subset of X. Since X has property (V * ), A is relatively weakly compact. (ii) Suppose T : X → Y is a p-convergent operator. Then T is unconditionally converging. Since X has property (V ), T is weakly compact [25] . Hence T * is weakly compact. Apply Theorem 21. Proof. Suppose that X has property RDP p , Z is a quotient of X and Q : X → Z is a quotient map. Let T : Z → E be a p-convergent operator. Then T Q : X → E is p-convergent, and thus (T Q) * is weakly compact by Theorem 21. Since Q * is an isomorphism and Q * T * (B E * ) is relatively weakly compact, T * (B E * ) is relatively weakly compact. Apply Theorem 21.
(ii) ⇒ (iii) Let A : X → ℓ p be an operator. By Theorem 14,
Since AT is compact, T * A * = T * S is compact. Apply Theorem 14.
Corollary 25. Let 1 < p < ∞. The following are equivalent:
(ii) If Y * has the RDP p , then Y has property RDP * p . Proof. (i) Let K be a weakly-p-DP subset of Y . Then K is a weakly-p-DP subset of X * , and thus a weakly-p-L-subset of X * . Hence K is relatively weakly compact. Then Y has property RDP * p .
(ii) Consider Y a closed subspace of Y * * and apply (i).
The converse of Corollary 28 (i) is not true. Let X be the first Bourgain-Delbaen space [3] . Then X is an infinite dimensional L ∞ -space with the Schur property and X * is weakly sequentially complete. Since X has the Schur property, the identity map i on X is completely continuous, hence p-convergent (1 < p < ∞), and not weakly compact. In the following two results we need the following result. Let (x n ) be a bounded sequence in X such that (Q(x n )) is weakly convergent (resp. weakly Cauchy). Then (x n ) has a weakly convergent subsequence (resp. weakly Cauchy).
Theorem 31. Let 1 < p < ∞. Let X be a Banach space and Y be a reflexive subspace of X. If X/Y has the RDP * p property, then X has the RDP * p property. Proof. Let Q : X → X/Y be the quotient map. Let A be a weakly-p-DP subset of X and (x n ) be a sequence in A. Then (Q(x n )) is a weakly-p-DP subset of X/Y , and thus relatively weakly compact. By passing to a subsequence, suppose (Q(x n )) is weakly convergent. By Lemma 30, (x n ) has a weakly convergent subsequence.
Let E be a Banach space and F be a subspace of E * . Let ⊥ F = {x ∈ E : y * (x) = 0 for all y * ∈ F }.
Theorem 32. Let 1 < p < ∞. Let E be a Banach space and F be a reflexive subspace of E * (resp. a subspace not containing ℓ 1 ). If ⊥ F has property RDP p (resp. wRDP p ), then E has property RDP p (resp. wRDP p ).
Proof. We will only prove the result for property RDP p . The other proof is similar.
Suppose that ⊥ F has property RDP p . ⊥ F → E such that iQ = S * .
Let T : E → X be a p-convergent operator. Since ⊥ F has property RDP p and the operator T S :
⊥ F → X is p-convergent, it is weakly compact. Since S * T * = iQT * is weakly compact and i is a surjective isomorphism, QT * is weakly compact. Let (x * n ) be a sequence in B X * . By passing to a subsequence, we can assume that (QT * (x * n )) is weakly convergent. Hence (T * (x * n )) has a weakly convergent subsequence by Lemma 30 . Then E has property RDP p by Theorem 21.
